Abstract. We establish a rate of local energy decay for solutions of the damped plate equation with variable coefficients in exterior domains by using the spectral analysis to the corresponding stationary problem.
Qcl"
is an exterior domain with smooth boundary dQ, n is the exterior normal, a -(aj, ... , an) and /? = (0l, ... , fin) are multi-indices, and for any multi-index « = d" = d°> ■ ■ ■ d°" (|q| = al + ■ ■ ■ + an), aafj are real, smooth functions in Q and subscripts denote partial differentiations. The study of local energy decay is not only the interest in the decay rates itself but also its importance for the investigation of Lp -Lq estimates for solutions of (1.1)-(1.3) (cf. [11, 9] ), which plays a very important role in discussing the global existence of smooth solutions to the corresponding nonlinear equations (cf. Klainerman and Ponce [5] , Ponce [8] , Shibata and Tsutsumi [11] for nonlinear wave and evolution equations).
Kpdxu, d°u) > y\\D2xu\?
for any u e C^°(SI) and some constant y > 0.
(ii) b(x) > b0 for all x G Q and some constant b0> 0.
(iii) There is a constant aQ > 0 such that for |jjc| > a0 The notation that appears above is defined later. Remark 1.2. Using the above local energy decay, following the similar arguments of those employed in Sect. 4 of [11] (also cf. [4, 9] ), one can obtain the Lp -Lq estimates for solutions of (1.1)-(1.3). Remark 1.3. The restriction on the dimension is just out of a technical difficulty of the method used here. In the estimate of R0(0)f in Sect. 3 (cf. (3.1)) we want to bound the integral |£|~4 "> therefore, we have to assume that n > 5 . Our proof of Theorem 1.1 is based on a sequence of theorems. Roughly speaking, to show Theorem 1.1, we first study the behaviour of R'(x)f in {t e C, Imr < 0}
for / e Lr2(£2), where R'(x)f satisfies (A-t2 + ixb)R'(z)f -f in Q and R\x)f = dR'(i)fldn = 0 on dQ.. Then we show that solutions of (1.1)-(1.3) are equal to (27r)-' f R1 (z)fe'Tl dz for some / depending on u0 and u{. We integrate by parts with respect to r and utilize the behaviour of R'(r)f near r = 0 to obtain the desired result. This paper is organized as follows. Section 2 proves some properties of R'{r)f for t 6 {t € C, Imz < 0} and for x € K1, |t| -» oo . In Sect. 3 we introduce a Ck space of the fractional power derivatives and give some of its properties, by which we investigate the behaviour of R1 (t)/ near r = 0 in Sect. 4. Section 5 gives the proof of Theorem 1.1.
Notation, i = %/^T. For any multi-index a = (al , ... , an), we set d" -• • • d^n, |a| = a, H 1-an . For any multi-indices a and /?, a > y? means that a-j> P j for j = 1, , n . For a nonnegative integer N, we denote DNxu = (<9>; |a| = N), d"u = {d"u; 0 < |a| < N), DNu = {djd'*u; j + |a| = N), DNu = (d/<9>; 0 < j + |a| < N).
Let G c R" be a domain. We denote by Wm'p(G), W™'P{G) the usual Sobolev spaces with the norm || • \\m G. W°'P(G) = LP(G) with the norm || • || G (cf. Adams [1] ). For simplicity we use the abbreviations:
II' IIm.P,G = II' IIw,p when G = Q °r G = and II" IL r = II' IIn when G = Q or G = R". 
where cx, c2, c3, and c4 are real, smooth functions in Q satisfying:
(1) c,(x) = 1 , c2(x) = c4(x) = 0, and c3(x) = 0 for |jc| > a0 and (2) c, (x) > y, c2(x), c4(x) > 0 for x e Q .
Then, the differential operator defined above satisfies Assumption 1.1. Remark 1.5. If we take Cj(x) = bx{x) = 1, c2(x) = c4(x) = 0, and c3(x) = 0 for x € £2, then Au := A u. Hence, Theorem 1.1 extends the results in [4] , 2. Definition and some properties of R (t) in k . We denote k, = {r e C; Ret / 0, Imi < bj2}, /c2 = {teC; Rei = 0, lmi<0},
where the constant b0> 0 is the same as in Assumption 1.1 in the introduction. We shall make use of the following two lemmas. The proof of Lemma 2.1 can be found in [4] , We can show Lemma 2.2 by using the regularity theory of elliptic equations (cf. Theorem 9.8 and the proof of Lemmas 9.2-9.5 in [2] ) and here we omit the proof. Now we introduce the operator R'(t) and study some of its properties. II^>'(t)/|| < C(r 1 ||5>3^(t)/|| < C(r)(|r|2 + |t for any x € k with | Rex\ < 1 and Imi < -2.
Proof. For any u e HA(Q) D W4'2(Q.), we integrate by parts and use Assumption 1.
Using (2.6) and the interpolation inequality (cf. [1]) \\d\u\\ < C(£0)(e||Z)2w|| + e_1||w||) for any 0 < e < e0 (2.7)
where eQ > 0 is a fixed finite number, we obtain by the generalized Lax-Milgram lemma that for any r e k and / e L2(Q) there is a unique R'(x)f e HA(Q.) n W2,2(Q.) such that (A -r2 + ix)R\x)f = /, which combined with Lemma 2.2(i) implies R'(x)f € IV4'2(Q). We thus proved the existence and uniqueness of the operator R\t) , i e k . By virtue of Lemma 2.2, (2.6), (2.7), and the estimate that Re(-r2(w, u) + ix(bu, w)) > 2||w||2 for any x € k with | Re x\ < 1 and Imi < -2, we obtain (2.3) and (2.5) after a straightforward computation. This completes the proof. □ Let r and t, be any points in k . Put
In view of Theorem 2.3 we see that the series on the right-hand side of (2.8) converges in J?(L (Q)) for x close to r, . Furthermore it is easy to see that for such x, its limit is indeed the inverse of the operator, 1 + ((-t2 + ixb) -(-r2 + ixxb))R\xx).
Hence, for such x we have for f e L2(Q), (A -x2 + ixb)R'(x{)c(x)f -f in Q. So it follows from Theorem 2.3 that R'(x) = R'(x.)c(x) for such x. In particular, one has R'(t) e Anal(k \ {L1 (Q.) \ //A(fi)n W/4,2(Q))). If we differentiate equation (2.2) with respect to x , utilize Theorem 2.3, and (2.7) with eQ = y-1^2 {y > 0) and e = |Tf1/2 (|t| > y), we get for (7=1. C is a subspace of the usual Besov space Bx ^(K ; B) (see Muramatsu [7] ). The following theorem provides a sufficient condition to guarantee that / belongs to Ck , and its proof can be found in Shibata [10] . By the discussion at the beginning of Sect. 4 in [4] we know that for / e L2(R"), R0(x)f is well defined in L,2oc(M") for any rel1. Clearly,
The following theorem gives the property of R0(x) near x -0 and is proved in [4] . (v) ^JXR0(x)f) < C(j, a, 0|Tr°'+1)+(|Q|+n)/4||/|| for any j > (« + |a|)/4-l .
As a result of Theorems 3.2 and 3.4, we get Corollary 3.5. Let n > 5, a be a multi-index with 0 < |a| < 4, and j below an integer. Let <f>(x) G C^°(Kl) satisfy <j>(x) = 1 for |r| < 1/4 and <f>{x) = 0 for |t| > 1/2. Then for any integer TV > 0 and / G L^(R"), 4>{x)xNd°R0(T)f G c("+|a|)/4+;V(R1; X).
Furthermore, the following holds.
((<t>(r)TNd°RoWf)){n+\a\),4+N,X -C(n, a, N, (j), r)\\f\\ for r G M1, for TGl with |t| < 1 /4 and « + |a| = 4A: + j with 0 < j < 3 and some k > 1 .
4. Behaviour of R(r) near t = 0. In this section we introduce an operator R(x) and study its behaviour near x = 0. Throughout this section let Assumption 1.1 be satisfied, r > max{r0 + 3, a0 + 1} a fixed number, where a0 is the same as in Assumption 1.1, and let (u, v)A denote We have by Theorem 2.4 that R(x) £ Anal(/c ; Jzf(L2r{Q), Xd) ■ *n t'ie seQuel we study the property of R(t) near t = 0. Let <p and i// be C°°(K") functions with (4.5) 4> = 1 for \x\< r -\ and </> = 0 for |x| > r, y/ = 1 for |x| > r -2 and y -0 for |x| < r -3.
Using 4> and y , we introduce the operators P(t) and Q(r). -
Here /?0(t) is defined by (3.1), f0 = f for x e Q and /0 = 0 for x g R"\Q. We have (A -t2 + ixb)(l -<j>)R0(x)(>//f0) = the right-hand side of (4.8).
(4.9)
By Theorem 4.1 we find after a calculation that Since Au = A2u for |x| > r -1 and u = 0 for |x| < r -1, the equality (4.14) is equivalent to A2u = Vfa, xeK", (4.15) which combined with Lemma 4.4 results in u -R0(0)(>//f0) e H*(R") and A2(u -RQ(0)(ij/f0)) = 0 in M". By Lemma 4.5(ii) we conclude that R'(0)f = &o(P)(vfo) for x e , which in conjunction with (4.12) yields R0(0)(y/f0) -0 for x e £2, from which and the fact that A2 R0(0)(y/ f0) = y/f0 (cf. (3.2) ), it follows that y/fQ = 0 for x 6 i) . This together with (4.5) and (4. II^X"(')ll2,a, < C(N, r, r')(l+t)-(nl4+N\\\u0\\2L+6!2 + ||«,||2L+4,2), 0 < N<L-1, II^>>WII2,Q, <C(iV,r,r')(l+ r)-("/4+7tf)(||Mo||2L+6i2 + ||w,112^4,2), 0 < N < L -2.
To estimate higher-order derivatives of u, we need the following a priori estimate for the elliptic operator A ; its proof may be found in [2] .
Lemma 5.1. Let r, , r2 be any positive numbers with r, > r2 > rQ, and g e Wm+4>2(nr), g\dQ = (dg/dn)\dQ = 0. Then H^llm+4,2,n -' r2)(H^^Hm,2,n +11^112,2,12 )" 
